182

Standing waves on a contracting or expanding current

By G. I. TAYLOR
Cavendish Laboratory, Cambridge

(Received 20 January 1962)

In a recent work Longuet-Higgins & Stewart (1961) have studied the changes in
wavelength and amplitude of progressive waves of constant frequency as they
are propagated into regions of surface divergence or convergence. In the work
here described the complementary conditions are assumed. Standing waves
of uniform wavelength, A, exist in an area of uniform surface divergence. Changes
in amplitude and wavelength are studied. These changes depend on the existence
of the radiation stress which was discovered by Longuet-Higgins & Stewart
but the physical interpretation of this stress is simpler for standing than for
progressive waves. Three different ways of obtaining the same rate of strain in
the direction of the current caused the amplitude to vary as A%, A-% and A%,
respectively.

Experiments in which free-standing waves were generated in a tank one wave-
length wide which was then made narrower verified the conclusion that con-
traction does not alter the periodic character of the waves, even though the ratio
of amplitude to wavelength becomes so great that they can no longer be treated
mathematically by the usual linearized approximation. The shape of the profile
then appears to agree well with calculations of Penney & Price (1952),

1. Introduction

In a recent paper Longuet-Higgins & Stewart (1961) have investigated the
effect of non-uniform currents on short gravity waves. The physical condition
assumed to hold was that the waves are generated continuously with a fixed
frequency at a fixed point in the current. The frequency observed at all other
fixed points is therefore the same as that of the wave generator, but the wave-
number varies with position in the current. There is, however, another possible
physical wave condition which is worth investigating, namely, the effect of a
non-uniform current on a wave train which already exists, or on waves generated
by wind action or other cause in the current itself. Most people will have noticed
the sudden appearance of smooth areas in the disturbed water downstream of
a lock when the sluice gates are opened. These are where rising turbulent eurrents
spread out at the surface with horizontal divergence.

To represent such situations the effect of non-uniform currents with constant
horizontal divergence on a train of standing waves whose length is constant in
space but variable in time will be discussed. Such a discussion may be expected
to be of interest in another connexion. In discussing the energy changes which
progressive waves of constant frequency suffer when they enter a non-uniform
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current, Longuet-Higgins & Stewart (1960, 1961) have shown that it is necessary
to take account of an interaction between waves and currents which, in the case
of deep water, is equivalent to endowing them with a ‘radiation’ stress equal to
3E,, K, being the wave energy per unit surface area in a progressive wave. The
expansion of a progressive wave train as it moves into a region of increasing
current velocity gives rise to a transfer of energy from the wave to the current
which is identical with that which would occur during expansion at a rate of
strain dU /dz under the action of a surface stress $ £,,. Though this stress §,,, = {1,
per unit area must necessarily be present it is rather difficult to understand in
detail the mechanism of its action in progressive waves. On the other hand it
will be shown that when standing waves are compressed or expanded there exist
vertical planes at which there is no horizontal motion due to the waves so that
vertical sheets could be inserted there without interfering with the motion.
Changes in the energy of waves when they are compressed or expanded could be
regarded as being due to the work done by relative motions of the sheets against
a ‘radiation’ stress, S,,, equal to the force acting on a sheet when there are waves
only on one side of it. It is therefore possible to calculate S,, by integrating the
pressures acting on a vertical sheet at the nodes of a standing wave on a current-
less sea.

2. Two-dimensional analysis

A simple irrotational current system in two dimensions which diverges hori-
zontally is that whose velocity potential is — }c(z?—22), z being vertical and
positive downwards and x horizontal. The streamlines are rectangular hyper-
bolas. Consideration of Bernoulli’s equation reveals that this flow cannot have
a flat free-surface. A small correcting term must be added to the velocity poten-
tial to enable the stream function ¥ = 0 to be a surface of constant pressure.
Take as the velocity potential and stream functions of the steady flow

by = — 3c(x? —22) +m(28 —3a%), Y, = cxz+m(32% —x7), 1)

and consider only the part of the field where the slope of the free surface is so
small that z/z is small. The equation for the surface, ¥ = 0, is

ey = m(x® — 375),
or, if 7,/x is negligible, 1y = mx?/c,
The condition that the pressure there is constant is satisfied if m = ¢3/2g, so that
7y = c*?[2g (2)
and the field in which this approximation is useful is that for which
|z| < ge=2 x (maximum allowable value of dy,/dz).

To discuss the effect of this horizontal divergence on a train of standing waves,
the time ¢t = 0 will be taken as that at which the waves are at their maximum
elevation and the initial displacement as

7 =7y = D cos kz. (3)
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Wavelength and amplitude will change with time owing to the divergence c,
but the wavelength will remain independent of « so that it is justifiable to assume
for 9 the form

7 = 9o +f(¢) cos ke, (4)
where f and k are functions of ¢ only. An appropriate form for the velocity
potential is ¢ = Be % cos kx — Lo(x? —22) + (c3/29) (2% — 3a%z), (5)

for which the velocity components are
u = Bke*sin kx + cx 4 (3¢3/g) xz,
w = Bk e cos kx —cz — (3¢3/2g) (22 — x?).

B is a function of time which must be determined by the condition that ¢ is
compatible with the free surface (3) and the condition that the pressure is con-
stant there. The compatibility condition is

o oy

(7). =), “
When the second-order terms are neglected the terms which are not time-
dependent cancel and

w—u(on/ok), = Bk cos kx — c¢f cos kx + cx kf sin kx, (7)

while (on/ot), = fcos kx — xfk sin kz. (8)
(7) and (8) can only be consistent with (6) if

ck = -k, 9)

so that k=lkye . (10)

Since the distance between vertical planes of particles which are perpen-
dicular to z is proportional to e in the undisturbed current, (10) shows that in
the disturbed flow particles which at any instant are situated in a nodal plane
remain in a nodal plane. The compatibility condition is

f+of = Bk. (11)
The pressure condition at the free surface is
 — (w2 +w?) + (7, +f cos kz) = 0,
and, retaining only first-order terms, this reduces to
B cos kx — Bxk sin kx — Beck sin kx + fg cos kx = 0. (12)

Since k£ = —ck, (12) becomes

B+fg = Q. (13)
Eliminating B between (11) and (13),
f+2ef+ 2 + kfg = 0. (14)
Writing ¢t = 7 —7,, where 7, = In (c?/gk,), (14) becomes
d? d
—I+2 f+f+e"f=0, (15)

dr2" “dr
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and writing e~” = w so that w = (gk,/c?) e, (15) becomes

af vdf f f ;
dot w2t =" (16)
This equation is a particular case of a more general one which is quoted, for
instance, in the text of Jahnke & Emde’s Tables (1945); it has a solution

[ = wJy(2uwh). (17)

The equation to the free surface at any time is therefore

Jy(20,c 1 et

n—ny=De -Ji‘]o—(;._cfl)) cos (ke ). (18)
Here o, is the frequency of waves of length 2/k, and D is the initial amplitude
when ¢ = 0. It will be noticed that a single curve in which wJy(20w?) is plotted
against —Inw = 7 represents the whole range of values of (y—7,)/D for all
possible initial values of k and any value of ¢ positive or negative. This curve is
shown in figure 1. On a diverging current the changing amplitude is represented
by a point on the curve which moves from left to right, while that on a converging
current (¢ negative) is represented by a point which moves in the opposite
direction.

The availability of the curve of figure 1 for representing the changes in
standing waves on a diverging current is limited to the time during which the
wavelength is small compared with the dimensions of the area in which the
equations are valid approximations; thus if the maximum allowable value of
dr,/d is €, the maximum linear dimension of the wave in which one wavelength
covers the whole field is A = 2g¢/c? so that 2x/k must be less than 2ge/c®. Since
o = gkjc? = 2mg/c?A, the lowest meaningful value of w in (17) is m/e. Even for
a value of ¢ as high as {4, 7/e is 107 and the argument of the Bessel function in
(17), namely 2w?, is about 11. At this value the Bessel function in (17) is close to
its asymptotic approximation so that

wJy(20}) ~ 1wt cos (208 — }m). (19)

It appears therefore that a standing wave in an expanding or contracting flow
has an amplitude proportional to i, i.e.

ampl. oc A-1. (20)

This may be compared with an analogous result for progressive waves given in
Longuet-Higgins & Stewart (1961), equation (4.9).

3. Radiation stress in standing waves

Equation (10) shows that the wavelengths expand at the same rate as the
distance between particles on wave crests, in other words vertical planes through
wave crests always contain the same fluid. The rate at which the energy contained
in one wavelength, A, is transferred to the mean flow can therefore be calculated
in two ways.

(i) The result (20) that the amplitude is proportional to k¥ makes it possible
to calculate the change in energy contained in one wavelength as A changes and
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since the only way in which this change can occur is by means of a force acting
on the vertical planes at neighbouring crests which are separating at rate cA
this force must be equal to (rate of change of energy per wavelength)/Ac.

(ii) Thesecond method is to integrate the pressure over vertical planes through
the crests of standing waves when there is no diverging current.

The same result is obtained by both methods. The advantage of carrying out
both calculations is that a simple conception of the action of radiative stress is
obtained. The existence of radiative stress in progressive waves was discovered,
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Ficure 1. Changes in amplitude of standing wave on a
. contracting or expanding current.

or at any rate first effectively understood by Longuet-Higgins & Stewart (1960,
1961). Their discussion is more general than that of the present work but the
conception of radiation stress is simpler for standing than for progressive waves.

The energy of a standing wave of length A and amplitude a is £,A = }pga?A.

If the wavelength changes from A to A +dA and the amplitude from a to a +da,
dE, da dA o
T =a T (21)

8§
The result of the direct calculation of the relationship between A and a was that
a occ A-% g0 that

daja = —3dA/A and dEJE = —3dA/A. (22)
The loss in energy per wavelength AdE, during an extension dA must be due to
a radiation stress S, where S, dA = —AdE, and using (22),

Ssz = %'Es = %’gpaz' (23)
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The energy per unit area in a region where a progressive wave is reflected at a
vertical plane barrier is twice the energy per unit area of the incident wave;
(28) shows that the radiative stress in a standing wave is also twice that of the
incident progressive wave.

4, Axisymmetric diverging currents

The smooth mushroom-like areas in the stream below an emptying lock seem
to be due to upwelling which spreads out equally in all directions. The same kind
of analysis as that used in the two-dimensional case might be used as a model for
this situation if the basic current flow is represented by

Po = —Fe(@® +y* - 227), (24)

where y is the co-ordinate parallel to the wave fronts. In order that the free
surface may be one of constant pressure, a small corrective term must be added
to ¢ which may be taken as %(c3/g) {z® —3z(2? + y?)}, and the free surface is then

7o = 5(c%/g) (®2+47). (25)

A small error will arise with the axisymmetric current which did not affect the
two-dimensional case. The correcting term which is necessary to satisfy the
pressure condition causes initially straight wave crests to be convected into
curves. If this second-order effect can be neglected analysis similar to that for
the two-dimensional case can be made. Taking

¢ = Be " cos kx — Jo(x? +y% — 222) + 4(c¥/g) {z° — 3z(x? + y?)}, (26)
and 7 = 5o +fcos kx, (27)
it is found that ck = —% as in (9) but the equation of compatibility analogous
to (11) is F+2¢f = Bk
and the surface pressure condition is, as before,
B+fg=o0.
Eliminating B, . )
f+3ef+2c3 +kfg = 0. (28)
Making the same transformation as before, the equation analogous to (16) is
2
a solution is f = 0¥J,(20})
so0 that the asymptotic value is
f = m ot cos (20} — ). (29)

The wave height, a, is therefore proportional to A-%, or
acc AL (30)

This result may be used to calculate the radiation stress (if any) acting on
vertical planes perpendicular to the wave crests, for, with this type of current,
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a portion of the surface which was originally square and bounded on two sides
by wave crests will remain square so that the energy contained in it is

A2E, = 1A%gpa.

Expansion from sides of length A to A+dA changes the energy by an amount
E A*2daja+2dA/A). This change must be attributed to stresses S;, and S,
acting on the sides of the square which does work equal to (S, + S;,) AdA during
the expansion. And using (30), daja = —3dA/A so that

(Sez+8y) AdA+ E A% (—$dAJA) =0, or S,+8,, =31E,

and since we already know that S, = 1E,, this argument shows that §,, = 0.
This result can also be obtained by integrating pressures over a vertical plane
perpendicular to the wave crests when there is no expansion retaining terms of
the second order of small quantities.

5. Lateral contraction or expansion without upwelling

If the basic flow is one in which the motion at all depths is confined to planes
parallel to z = 0 the appropriate choice for ¢, is

Po = — fo(@®—y?) (31)

and the undisturbed free surface is again 7, = (¢?/2¢) (**+y?). Using the same
symbols as in the two previous cases for the wave disturbance, it is found that
the equation of compatibility analogous to (11) is f= Bk and the pressure
equation (13), namely B+fg = 0, is unchanged. Making the same transforma-
tions as before the equation for f is

d2
&Jf2+£ =0 (32)

and a solution is
[ = wtJ(2wh); (33)

using the asymptotic appreximation the amplitude a is proportional to ol ie.
to A—t. This result can be compared with §5 of Longuet-Higgins & Stewart
(1961). It can be verified that it also leads to the conclusion that S, = 1¥ and
Sy, = 0.

6. Effect of currents expanding laterally but not longitudinally
Here the appropriate assumptions for ¢ and 5 are

¢ = Be*coskx—Lc(y®—22) and 95—, = f(f)coskx (34)
and the compatibility condition is
f = Bk—¢f,
while the pressure condition is .
so that f+cf+kgf: 0

and f = Detdcos (gk— Lc)tt. (35)
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A rectangle of length A and initial breadth b has breadth be® at time ¢. The
energy contained in it is Abe? B, and since E, = }pga® = tpgD?e~ the energy
in the area remains constant. Since only the barriers at right angles to the wave
crests move, the stress S;, must therefore be zero.

7. Force exerted by standing waves on a vertical barrier

Waves of small amplitude exert a fluctuating pressure on a vertical wall and
the resultant fluctuating force can be divided into two parts: (i) the steady
force due to the hydrostatic pressure of fluid whose surface is at the mean level
of the standing waves and (ii) the fluctuating part which is the difference between
the total force and the steady part defined in (i). If only the first order of small
quantities is considered the mean value of the fluctuating part is zero and the
force acting on a vertical barrier extending downwards at a wave crest from the
surface to such a depth that the fluctuations in pressure on it are negligible is
also zero. To calculate the force on a vertical barrier at one side of which there
are standing waves, it is necessary to carry the analysis to the second order of
small quantities.

The mechanics of standing waves of finite amplitude has been studied by
Penney & Price (1951) who showed that standing waves in which all the particles
are at rest twice in every period can exist. They showed that there is a single
series of such waves depending on the value of a non-dimensional number 4
and they expressed the velocity potential and displacement of the surface in a
Fourier series containing submultiples of the wavelength. The coefficient of
each term of this series was a function of time which itself was also expressed as
a Fourier series of submultiples of the period. They developed the coefficients
of the terms in these functions of time in powers of a single arbitrary number 4
which determined the amplitude of the waves. The analysis was very complicated
and was carried up to terms involving A45. For the present purpose it is only
necessary to include terms up to A2. Penney & Price showed that there are no
terms in ¢ of order A2. The appropriate expressions for ¢ and » are

¢ = x(t) + Ack—2e*2 cos kx cos ot, (36)
7 = Ak~ coskx sin ot — 1A% cos 2kx sin? ok (37)

These equations satisfy the compatibility condition (6) when terms of higher
order than A2 are neglected. The pressure is then given by

plp = x(t)— Ao?k—2e %= cos kx sin ot — 3 A20%—2 e~2*2 cos? ot + gz. (38)

At the surface where z = 7, the condition p = 0 is satisfied when terms of higher
degree than A? are neglected, provided

o2 =gk and x(t) = 14%k ! cos 20t. (39)
The amplitude, a, of the standing wave is, to the first order, A%! so that
px(t) = 3gpa’k cos 20t. (40)

This variation in pressure is independent of the depth and is the double-frequency
pressure oscillation extending to the bottom of the sea to which several authors
have called attention.
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The force at any instant exerted by the waves on a vertical barrier of depth D
parallel to the wave crests at z = 0 is

D D
f pdz-—J. gpzdz. (41)
7 0

The pressure at z = 0 is

p{x(t) —ao?k~te~**sin ot — Ja2o? e~ cos? ot + gz}. (42)

Integrating (42) the total force to depth D, which is assumed to be much greater
than a wavelength, is

p{3Dyga? cos 20t — gak— sin ot + ga®(sin? ot —  cos? ot — § sin? o)} (43)

The mean value of this force is {gpa® Comparing this with (23) the mean force
of the waves on a vertical wall is equal to 1E..

The force per wavelength acting on a vertical barrier placed perpendicular to
the wave crests can also be calculated, since no fluid crosses these planes. When
this is done it is found that the mean value of the force attributable to the term
—Ao?k~2e % cos kx sin ot in (38) is }gpaA while those due to the last two terms
—4$A4%%2e k= cos? ot and gz in (38) are each — }gpa2A so that the total mean
force on barriers perpendicular to the wave fronts is zero.

8. Experiments on standing waves

The conclusion reached in § 2, that slow horizontal contraction alters the wave-
length of a simple-harmonic wave of small amplitude but preserves its simple-
harmonic character, seemed worth verifying experimentally. A tank 102 cm
deep, sketched on figure 2, was constructed out of sheet Perspex so that it had
two parallel walls and two which converged towards the bottom. The parallel
walls were 12 cm apart while the converging walls were 25-4 cm apart at the top
and 12em at the bottom. In the bottom was a large valve A (figure 2) which
could empty the tank to a mark C in about 5sec when raised by the lever B. The
waves were produced by causing a narrow wedge D in the middle of the top of
the tank to oscillate vertically.

A 16 mm ciné-camera operated at 69 to 73 frames per second could be placed
in two positions so that it could photograph at the top or at levels near the
marks C and E.

Since the seatings for the camera were fixed at the same distance from the tank
it was possible to take a short length of film covering a few complete periods in
the upper position and then move the camera to the lower position and take the
surface when it reached the lower position. A disadvantage of this method was
that drops were liable to fall off the wave-maker and disturb the wave. This was
prevented by installing a trough F (figure 2) which started to travel down a
guide as soon as the valve A was raised. It stopped at position G where it could
catch the drops. It can be seen at the right-hand side of the top of the photographs
(figures 3 and 4 (plates 1 and 2)).

The frames chosen for reproduction in figures 3 and 4 (plates 1 and 2), were
those at which the wave crest was at its maximum height during an oscillation,
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It was found by counting frames between successive maxima that, within the
limits of accuracy obtainable by this method, the period was indistinguishable
from (271/g)}, the period for small oscillations when the length ! was taken as that
of the free surface at the time the photograph was taken.
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Ficure 2. Converging tank in which the free-surface length was
contracted by lowering the water level.

The theoretical conclusion described by equation (10) that, when a standing
wave is compressed between rigid planes at its nodes, its period will alter so
that it remains a simple wave is therefore verified, but the decrement due to
viscosity was so great that it was impossible to verify the predicted change in
amplitude.

Figure 3 (plate 1) shows a case where the initial amplitude is small and the
lateral compression of the wave produces a small increase in absolute amplitude
in spite of the decrement due to viscosity. The decrement in the 15 or more
oscillations which occurred while the water level was falling was never so great
that the ratio of wave height to wavelength decreased. It always increased
considerably.

If & is the maximum height above the mean level and d the maximum depth
below it, the shape of a periodic wave of finite amplitude depends only on (k + d)/I.
This shape has been calculated approximately by Penney & Price (1952) for a
series of values of a non-dimensional number 4. For small values of 4
(k+d)[l = A/m and in Penney & Price’s approximation the highest wave which
has a crest of 90° corresponds with 4 = 0-592 and (% +d)/l = 0-128.
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Their expression for the shape of the wave when its crest is at its highest point
and the fluid is instantaneously at rest is
2my[l = (A +354°% —72:A45) cos (2ma|l) + (A% — 775 A%) cos (4mx/l)

1
+ (343 - %%%A ) cos (Bmx[l) + A% cos (8mx(l) + 253.A5 cos (10mx[l).  (44)

When A = 0-592 this wave has downward acceleration equal to gravity at its
highest point and it should have a pointed crest but the Fourier-series approxi-
mation with a finite number of terms cannot represent this. The calculated form
for A = 0-592 is shown in figure 4 (plate 2), and the estimated form at the top
of the pointed crest is shown as a broken line (Taylor 1953). The highest value of
(h+d)/l observed in the present experiments was that for the wave shown in
figure 4. At | = 14 cm, the value of h+d was 2-2 cm so that (h+d)/l = 0-16. To
compare this wave with Penney & Price’s calculation the profile found from (44)
for A = 0-5 was drawn. This curve is shown at the bottom of figure 4. The corre-
sponding value of (k4 d)/l was 0-177. Tt will be seen that the form of the profiles
revealed by the photographs in figure 4 is very similar to that calculated for a
wave with nearly the same value of (h+d)/l.

The experiment seems to indicate that if the viscous decay had been less, slow
compression would permit standing waves to remain periodic even when their
amplitude could no longer be regarded as small. It would be interesting to use
a larger wave tank to find out whether it is possible to compress waves till a
pointed crest is attained.
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Froones 3. Top frame: wave generated at length 24-1 em; middle frame: wave at maxi-
mum amplitude after the length had contracted to 23-0 cm; lower frame: wave at
{ =155 cm.

TAYLOR (Facing p. 192)



Journal of Fluid Mechanics, Vol. 13, part 2 Plate 2

L
?‘ .

240

1
4
|
. |

A =0592

R Ak dld i g

AR AL LR

Ficure 4. Top: wave generated at { = 24-0 em. Middle: two consecutive frames when
{=14-0 cm. Below: calculated wave shapes; the shape for 4 = 0:50 can be compared
with the photographs above; the crests seem rather sharper but otherwise comparable.
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